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We demonstrate that a spin-orbit-coupled Bose-Einstein condensate can be effectively rotated by
adding a real magnetic field to inputting gauge angular momentum, which is distinctly different from
the traditional ways of rotation by stirring or Raman laser dressing to inputting canonical angular
momentum. The gauge angular momentum is accompanied by the spontaneous generation of equal
and opposite canonical angular momentum in the ground states, and it leads to the nucleation
of quantized vortices. We explain this by indicating that the effective rotation with the vortex
nucleation results from the effective magnetic flux induced by the gauge potential, which is essentially
different from the previous scheme of creating vortices by synthetic magnetic fields. In the weakly
interacting regime, symmetrically placed domains separated by vortex lines as well as half-integer
giant vortices are discovered. With relatively strong interatomic interaction, we predict a structure
of coaxially arranged annular vortex arrays, which is in stark contrast to the familiar Abrikosov
vortex lattice. The developed way of rotation may be extended to a more general gauge system.
I. INTRODUCTION
The rotation of degenerate quantum gases has al-
ways been a subject of intense interest in cold atom
physics [1, 2]. It plays an important role in the research
of quantized vortices and superfluidity [3–6], skyrmions
and magnetism [7, 8], as well as quantum Hall physics [9–
12]. All of these aspects have significant overlap with the
hot topics of superfluids [13] and superconductors [14],
magnetic materials [15, 16], as well as condensed matter
physics [17, 18]. In physics, rotation is characterized by
nonzero angular momentum. The usual ways of rotat-
ing a degenerate gas, involving stirring [3, 4] and Raman
laser dressing [19], are designed from the point of in-
putting canonical angular momentum by adding a term
with H(c) ∼ ∫ Ψ†(r× pˆ)zΨdr in the Hamiltonian.
The recent experimental realization of spin-orbit (SO)
coupling in ultra-cold atomic gases [20–26] has stimulated
much theoretical and experimental activity [27–34]. Con-
sidering the inherent complexity of the SO-coupled sys-
tem, the traditional methods of rotation face many diffi-
culties and challenges. For example, if we wanted to get
a time-independent Hamiltonian, stirring a SO-coupled
condensate would involve rotating not only the trap but
also the Raman laser beams (and perhaps also the exter-
nal magnetic field) [35, 36]. Therefore, it is desirable to
develop other experimentally relevant methods to rotate
an ultra-cold atomic system with SO coupling.
As a gauge system, the rotation properties of a SO-
coupled condensate is governed not only by the canon-
ical angular momentum Lˆcz = (r × pˆ)z, but also by
the gauge angular momentum Lˆgz = −(r × A)z with A
being the corresponding gauge potential. Both consti-
∗jingjingjin@nuc.edu.cn
†hanwei.irain@gmail.com
tute the total mechanical angular momentum Lˆmechz =
Lˆcz + Lˆ
g
z. This inspires a belief that the system can
also gain nonzero gauge angular momentum when a term
H(g) ∼ ∫ Ψ†(r × A)zΨdr is added in the Hamiltonian.
Previously, while the rotation properties of a SO-coupled
condensate under H(c) were examined [37], the combined
effects of H(c) and H(g) have been also discussed [38]. It
is worth noting that a pure gauge-rotated SO-coupled
system (i.e., the Hamiltonian with only H(g), which can
be easily realized by a gradient magnetic field or spatially
dependent Rabi coupling [35, 38–40]) is more interesting,
which will not only circumvent the difficulties and chal-
lenges faced by the canonical rotation, but may also bring
new quantum hydrodynamics. It has been shown that
nonzero gauge angular momentum gives rise to the viola-
tion of the irrotationality constraint of superfluid velocity
field [41] and the precession of dipole oscillation [40].
In this article, we demonstrate that a Dresselhaus SO-
coupled condensate can be effectively rotated by an addi-
tional Ioffe-Pritchard (IP) magnetic field, whose coupling
with spin equivalently inputs gauge angular momentum
in the system. It is also found that the gauge angular
momentum is accompanied by spontaneous generation
of equal and opposite canonical angular momentum in
the ground states and induces exotic static vortex ar-
rangement. In the weakly interacting regime, symmetri-
cally placed domains separated by vortex lines as well as
half-integer giant vortices are discovered, which are very
similar to those obtained in a traditional way of directly
inputting canonical angular momentum [37]. With rel-
atively strong interatomic interaction, the vortices pre-
fer to arrange themselves in concentric circles, in con-
trast to the familiar Abrikosov vortex lattice predicted
in superconductors [42] and conventional superfluids [4].
We explain the rotational effect with the nucleation of
quantized vortices by indicating that the gauge potential
around a closed loop accumulates a Aharonov-Bohm ge-
ometric phase factor [43, 44] in the wave function, and
2induces nonzero effective magnetic flux inside the loop.
This is essentially different from the previous scheme of
creating vortices by synthetic magnetic fields [19].
The rest of the paper is organized as follows. In Sec. II,
we introduce the model Hamiltonian of the Dresselhaus
SO-coupled Bose-Einstein condensates (BECs) in an IP
magnetic field. In Sec. III, by analyzing the relation-
ship between the external magnetic field, the spin vec-
tor, the canonical and gauge particle currents, as well as
the effective gauge potential, we reveal the mechanism of
the effective rotation that giving rise to the nucleation
of quantized vortices. In Sec. IV, based on numerical
simulations, we present possible exotic many-body quan-
tum phases, involving the symmetrically placed domains
separated by vortex lines, the half-integer giant vortices
and the coaxially arranged annular vortex arrays. The
experimental feasibility is discussed in Sec. V. Finally,
we summarize and give concluding remarks in Sec. VI.
II. MODEL
We consider two-dimensional (2D) Dresselhaus SO-
coupled BECs in a IP magnetic field [45, 46]. The Hamil-
tonian in the Gross-Pitaevskii mean-field approximation
can be written as
H =
∫
drΨ†
(
−~
2
∇
2
2M
+ V + Vso + µBgFσ ·B
)
Ψ
+
1
2
∫
dr
∑
i,j=↑,↓
gijΨ
∗
i (r)Ψ
∗
j(r)Ψj(r)Ψi(r) , (1)
where Ψ = [Ψ↑(r),Ψ↓(r)]
⊤ with r = (x, y) denotes
the spinor order parameter, and is normalized to satisfy∫
drΨ†Ψ = N . The harmonic potential for trapping the
atoms is V = 12Mω
2
⊥(x
2 + y2), with M the atomic mass
and ω⊥ the trapping frequency. The Dresselhaus SO cou-
pling term is written as Vso = −i~κ(σx∂y + σy∂x) [30],
where σx,y are the components of the Pauli matrix vector
σ and κ denotes the SO coupling strength. The IP mag-
netic field is often expressed as B = B′ (xxˆ − yyˆ) +Bz zˆ,
where B′ is the magnetic field gradient in the 2D plane,
and we focus on the case of axial bias field Bz = 0. The
coupling between the magnetic field and spin is related
to the Bohr magneton µB and the Lande´ factor gF .
In real BEC experiments, the IP magnetic field has
been successfully used in trapping atoms [47] and dynam-
ically imprinting vortices [48] and spin textures [49, 50].
The Dresselhaus SO coupling may be experimentally cre-
ated by Raman laser dressing [20, 51, 52] or modulating
gradient magnetic field [53–55], and has been recently
realized in 40K degenerate Fermi gases [23]. The 2D ge-
ometry can be realized by imposing a strong harmonic
potential V (z) =Mω2zz
2/2 along the axial direction with
ωz ≫ ω⊥, in which case the effective contact-interaction
strength is given by gij =
√
8pi(~2/M)(aij/ahz) with aij
being the s-wave scattering length and ahz =
√
~/Mωz
the axial characteristic length [56].
x
y
B, S
Jc A, *Jg
F
FIG. 1: Scheme of Ioffe-Pritchard magnetic-field-induced ro-
tation in a system with Dresselhaus spin-orbit coupling. The
gray lines and gray arrows depict the direction of the magnetic
field in the x-y plane. Arrows with other colors depict the di-
rection of the magnetic field B and spin S (pruple), gauge
angular momentum Jg (green), canonical angular momentum
Jc and effective gauge potential A
∗ (red), respectively. The
integral ofA∗ around a closed loop induces a Aharonov-Bohm
geometric phase factor exp (iΦ/~) in the wave function, where
the effective magnetic flux Φ =
∮
A
∗
·dl is responsible for the
generation of quantized vortices.
III. GAUGE-POTENTIAL-INDUCED
ROTATION
For atoms with a negative Lande´ g factor, it is en-
ergy favored for the spin vector S = Ψ†σΨ/|Ψ|2 of the
condensate being parallel to the local magnetic field B.
At the same time, the gauge part of the particle cur-
rent depends on the gauge potential A and is defined as
Jg = − 1MΨ†AΨ [36, 57, 58]. For the Dresselhaus SO
coupling, the gauge potential A = −κM(σy, σx), and
thus we have Jg = κρ(Sy, Sx), where ρ denotes the total
density. As the spin is polarized in the x-y plane by the
IP magnetic field with Bz = 0, a circulating gauge par-
ticle current with Jg = κρeˆϕ will be induced as shown in
Fig. 1.
According to the hydrodynamic theory, the contribu-
tion of the mechanical movement to the Hamiltonian can
be written as Hmech =
∫
M(Jc + Jg)
2/2ρdr [57], where
Jc = ρv represents the canonical particle current with
v = (ρ↑
~
M∇θ↑ + ρ↓
~
M∇θ↓)/ρ being the superflow veloc-
ity. Here, ρ↑,↓ and θ↑,↓ denote the density and phase of
each component, respectively. The energy minimization
in the ground states requires that the total particle cur-
rent Jmech = Jc + Jg = 0 [57]. This suggests that the
emergence of circulating gauge particle current is accom-
3FIG. 2: Ground state as a function of magnetic field gra-
dient. (a)-(d) Density distributions of the symmetrically
placed domains separated by vortex lines with (a) B′ =
0.2 ~2/µBgFMa
3
h, (b) B
′ = 1.2 ~2/µBgFMa
3
h, (c) B
′ =
2.2 ~2/µBgFMa
3
h, and (d) B
′ = 3.2 ~2/µBgFMa
3
h. (e)-
(f) Density and phase distributions of the half-integer giant
vortex with B′ = 4 ~2/µBgFMa
3
h. Other parameters are
fixed at κ = 10 ~/Mah, Ng↑↑ = Ng↓↓ = 10 ~
2/M and
Ng↑↓ = 8 ~
2/M . Here, ah =
√
~/Mω⊥ is the characteris-
tic length of the harmonic trap.
panied by an equivalent canonical particle current in its
opposite direction, as shown in Fig. 1. While the gauge
particle current Jg depends on the spin, the canonical
part Jc is related to the phase gradient, and thus may be
sustained by the generation of quantized vortices.
In the Dresselhaus spin-orbit coupled system, the ef-
fective value of the gauge potential A∗ = Ψ†AΨ/|Ψ|2
depends on the spin vector S with A∗ = −κM(Sy, Sx).
As the spin is polarized in the x-y plane, as shown in
Fig. 1, we have A∗ = −κMeˆϕ. As a result, the integral
of A∗ around a closed loop with radius R will lead to
a Aharonov-Bohm geometric phase factor exp (iΦ/~) in
the wave function, with
Φ =
∮
A∗ · dl =M
∮
v · dl = −2piRκM (2)
being an effective magnetic flux. In the next section,
we will illuminate that this effective magnetic flux will
give rise to novel vortex phases in the many-body ground
states, where the total vortex quantum number can be
estimated by Nv = Φ/h.
The mechanism of the effective rotation can be un-
derstood by noting that the magnetic-field-spin-coupling
term HM-S = µBgF
∫
drΨ†(σ · B)Ψ in the Hamilto-
nian equivalently inputs gauge angular momentum Lgz =
− ∫ Ψ†(r ×A)zΨdr in the system with Dresselhaus SO
coupling. This causes rotation effects of the condensates,
and also induces equal and opposite canonical angular
momentum in the ground states. This is completely dif-
ferent from the traditional manner of rotation of a con-
densate by adding a termH(g) ∼ ∫ Ψ†(r×A)zΨdr in the
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FIG. 3: Gauge angular momentum Lgz and canonical an-
gular momentum Lcz per particle as well as domain num-
ber as functions of the field gradient B′. Arrows indicate
the jump behavior of the angular momenta in which the do-
main number changes. Solid line plots the proportional func-
tion of B′ with slope κMah/~. Dashed line distinguishes
the regions of the domain structure and the half-integer gi-
ant vortex. Other parameters are fixed at κ = 10 ~/Mah,
Ng↑↑ = Ng↓↓ = 10 ~
2/M , and Ng↑↓ = 8 ~
2/M .
Hamiltonian to inputting canonical angular momentum
Lcz =
∫
Ψ†(r× p)zΨdr in the system [3, 4, 19].
IV. MANY-BODY GROUND STATES
We next investigate the many-body ground sates of
SO-coupled BECs under the gauge-potential-induced ro-
tation, which can be calculated by numerically minimiz-
ing the Hamiltonian functional given by Eq. (1). In
the weakly interacting regime, it is found that the con-
densates are divided into several symmetrically place do-
mains, with radial vortex arrays playing the role of do-
main walls. The domain number increases with increas-
ing the magnetic field gradientB′, as shown in Figs. 2(a)-
2(d). The vortices in each component have winding num-
ber nw = 1, except that in the center hole, which has
winding number nw > 1 and forms a multi-quantum vor-
tex. This structure is very similar to those obtained in
systems under canonical rotation [37, 38], but where the
number of domains is dominated by the rotating angular
frequency.
As the magnetic field gradient increases, all the vor-
tices gather in the center hole, forming a giant vortex
structure, as shown in Figs. 2(e)-2(f), which has been
previously observed in SO systems with external rota-
tion [37, 38] or a toroidal trap [59, 60]. Owing to the pres-
ence of SO coupling and IP magnetic field, the winding
numbers of the giant vortices of the spin-up and -down
components always differ by 1. This can be explained
by representing the wave functions as density and phase
4FIG. 4: Ground-state density distribution as a function of
the spin-orbit coupling strength. (a)-(d) Coaxially arranged
vortex arrays with (a) κ = 1 ~/Mah, (b) κ = 2 ~/Mah, (c)
κ = 4 ~/Mah, and (d) κ = 6 ~/Mah. Other parameters are
fixed at B′ = 6 ~2/µBgFMa
3
h, Ng↑↑ = Ng↓↓ = 5000 ~
2/M ,
and Ng↑↓ = 4000 ~
2/M .
Ψj =
√
ρj exp(iθj) in the polar coordinate (r, ϕ) repre-
sentation. The Hamiltonian related to the relative phase
involves the SO coupling and IP magnetic field terms,
and can be rewritten as
HRP=−2κ
∫
dr
[√
ρ↑
∂
√
ρ↓
∂r
−√ρ↑ρ↓ ∂θ↓
r∂ϕ
]
cos(θ↑−θ↓−ϕ)
+2B′µBgF
∫
dr
√
ρ↑ρ↓r cos(θ↑−θ↓−ϕ).(3)
In order to satisfying energy minimization, it is required
that
θ↑ − θ↓ − ϕ = 2pil, (l ∈ Z) (4)
with ∂θj/∂ϕ < 0. Thus, the giant vortex can be rep-
resented as Ψ = [
√
ρ↑e
−imϕ,
√
ρ↓e
−i(m+1)ϕ]⊤ with m ∈
Z+.
The IP magnetic field with Bz = 0 polarizes the spin
in the x-y plane with Sz = 0, so we have ρ↑ = ρ↓ and v =
~
2M∇ (θ↑ + θ↓). The circulation of the superfluid velocity
along a closed path is
∮
v · dl = Φ/M = −(m+ 12 )h/M .
This implies that the state in Figs. 2(e)-2(f) is essentially
a half-integer giant vortex and behaves as a physical ef-
fect of the magnetic flux Φ induced by the gauge po-
tential A∗. According to the minimum of the real-space
potential energy E(r) = 12Mω
2
⊥r
2 ± µBgFB′r caused by
the harmonic and IP magnetic traps, one can estimate
the radius of the giant vortex as r0 = −µBgFB
′
Mω2
⊥
. As
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FIG. 5: Gauge angular momentum Lgz and canonical an-
gular momentum Lcz per particle as well as layer number
as functions of the spin-orbit coupling strength κ. Green
solid line plots the proportional function of κ with slope
B′µBgFMa
3
h/~
2. Other parameters are fixed at B′ =
6 ~2/µBgFMa
3
h, Ng↑↑ = Ng↓↓ = 5000 ~
2/M , and Ng↑↓ =
4000 ~2/M .
a result, the corresponding gauge angular momentum
can be expressed as Lgz = κM
∫
ρrdr ≈ −NµBgF κB′
ω2
⊥
,
which induces equivalent canonical angular momentum
Lcz = N(m +
1
2 )~ with vortex winding number m =
−µBgF κB′
~ω2
⊥
− 12 .
Numerical results of the gauge and canonical angular
momenta as functions of the magnetic field gradient B′
are shown in Fig. 3. It is found that both the gauge
and canonical momenta are asymptotically proportional
to the SO coupling strength κ and the magnetic field
gradient B′, which is consistent with the above analytical
analysis. In addition, we also observe slight jumps of the
angular momentum (indicated by arrows in Fig. 3) where
the domain number changes [37].
In the parameter region with relatively strong inter-
atomic interactions, the ground-state vortex arrangement
caused by the effective magnetic flux Φ is very peculiar.
It is found that the vortices prefer to arrange themselves
as coaxially arranged annular arrays as shown in Fig. 4.
The layer number of the annular vortex arrays increases
with the SO coupling strength κ. This is not only dif-
ferent from the Abrikosov triangular lattice of supercon-
ductors [42], but also from the square or hexagonal lat-
tice discovered in traditional multi-component superflu-
ids [7, 61–64]. It should also be emphasized that in the
coaxially annular arrays all the vortices take the same di-
rection of circulation which different from those sponta-
neous vortex lattices in a irrotational SO-coupled system,
where vortices and antivortices emerge in pairs [65–70].
Accompanying the vortex nucleation, equal and oppo-
site gauge and canonical angular momenta are generated
whose absolute values are approximately proportional to
5the SO coupling strength, with slopes greater than the
magnetic field gradient B′, as shown in Fig. 5. The in-
consistency of the slopes results from the influence of the
interatomic interaction, which enlarges the radius of gy-
ration of the condensate.
V. EXPERIMENTAL RELEVANCE
The experimental realization of the model Hamilto-
nian in Eq. (1) may be achieved with the (5S1/2, F = 1)
ground electronic manifold of 87Rb atoms, where two
of the hyperfine states, |F = 1,mF = −1 > and
|F = 1,mF = 0 >, are chosen to simulate the spin-
up | ↑> and spin-down | ↓> components, respectively.
The corresponding Lande´ factor is gF = −1/2. The
Dresselhaus spin-orbit coupling can be induced by Ra-
man laser pulses or magnetic-field-gradient pulses as sug-
gested in Refs. [52–54]. In the schemes, the spin-orbit
coupling strength is determined from the Raman laser
wavelength or the magnetic field gradient with the at-
tainable value of approximately κM/~ ≈ 1 µm−1. To
observe the predicted vortex structures, such as the gi-
ant vortex with winding number m, it is required that
κB′ = −m~ω2⊥/µBgF , which is readily attainable with
current technologies by adjusting the magnetic field gra-
dient B′ = m× 10−4G/µm and taking the trapping fre-
quency ω⊥ ∼ 2pi × 102 Hz [48].
VI. CONCLUSION
In summary, we have developed a new method to ro-
tate systems with spin-orbit coupling. It is suggested
that a gauge system can be effectively rotated by in-
putting gauge angular momentum Lˆgz = −(r × Aˆ)z in-
stead of inputting canonical angular momentum Lˆcz =
(r × pˆ)z. In particular, we investigate the gauge-
potential-induced rotation of Dresselhaus spin-orbit-
coupled Bose-Einstein condensates, where the gauge an-
gular momentum is input by an additional Ioffe-Pritchard
magnetic field. The many-body ground states are dis-
cussed, and it is found that equal and opposite canoni-
cal angular momentum is induced for energy minimiza-
tion of the mechanical movement and accompanied by
an exotic vortex arrangement that is different from the
usual Abrikosov vortex lattice. It should be emphasized
that the effective rotation with the nucleation of quan-
tized vortices results from the effective magnetic flux in-
duced by the gauge potential, which is essentially dif-
ferent from the previous scheme of creating vortices by
synthetic magnetic fields [19]. The developed method cir-
cumvents the difficulties and challenges [35, 36] faced by
the traditional ways of rotation for a spin-orbit-coupled
system, and brings new perspectives on the physics of
ultra-cold atomic gases under gauge potentials.
Finally, the present investigation may be generalized
to systems with general gauge potentials (including, but
not limited to, spin-orbit coupling), where a possible
scheme of gauge-potential-induced rotation may be re-
alized by adding a term with Hadd ∼ ∫ Ψ†(r ×A)zΨdr
in the Hamiltonian to inputting non-zero gauge angular
momentum. In addition, we note the vortex nucleation
of condensates with other types of spin-orbit coupling
induced by gradient magnetic field or spatially varying
laser detuning [35, 39, 71]. These, in fact, can also be
understood by noting that the gradient magnetic field
or spatially varying laser detuning inputs gauge angular
momentum in those systems.
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